units such that ||/2|| = ||/||2 for all / E A (for all / E B, respectively). The wellknown Nagasawa theorem [4] states that A and B are isometric if and only if they are isomorphic in the category of algebras, and that every linear isometry from A onto B which preserves units is an isomorphism of algebras. In [1, 2, [5] [6] [7] it has been proved that the Nagasawa theorem remains true for some other Banach algebras.
In 1965 M. Cambern [1] [7] proved that this holds for algebras of Lipschitz functions and continuously differentiable functions both with norm ||/|| = ll/lloo + ll/'lloo.
In 1981 M. Cambern and V. Pathak [2] proved it for Co(X), where X is a closed subset of the real line containing no isolated points. Here Cq{X) is a Banach space of continuously differentiable functions / on X which are such that / and /' are zero at infinity with norm defined as for Cl [0, 1] .
Recently, Pathak extended the above result to AC(X), the space of absolutely continuous functions on a closed subset X of the real line with norm ||/|| = ||/||oo + variation of f on X [6] , and to C'ra' [0,1], the Banach algebra of complex-valued, n-times continuously differentiable functions on [0,1] with norm \f{r)(t)\\\ t¡Z\ [h> \ Whether the Nagasawa theorem holds for some Banach algebras A and B depends not only on the algebraic structure of A and B, but also, and in fact mostly, on the norms in these algebras. For any Banach algebra A there are a number of equivalent, submultiplicative norms on A. Very simple examples (e.g., I1 with convolution multiplication) show that the Nagasawa theorem does not hold in general for semisimple, commutative Banach algebras with unit. In this paper we define natural norms on these algebras, we show that they possess a number of natural norms, and we prove that the Nagasawa theorem holds for such an algebra if it is equipped with a natural norm. All of these algebras consist of functions defined on a subset of the real line. There are analogous algebras defined on a subset of Euclidean n-space if we define, in such an algebra, a norm by ||/|| = ||/||oo + ||-D/||'> where D¡ denotes the differential of / and || • ||' is a seminorm. We derive other examples of natural algebras.
The idea of the proof is very simple. We only use, roughly speaking, the fact that a natural norm on A is a combination of the usual sup-norm and a seminorm || • ||' such that ||e^||' = 0.
Our results also hold for some normed spaces which are not algebras.
Definitions and notations.
We denote by P the set of all norms on the two-dimensional real linear space with p((l,0)) = 1.
For p E P we put
For Zo EC and r > 0 we put K(z0,r) = {zEC: \z -z0\ < r} and write K(r) in place of K(0, r). If K, H are subsets of the complex plane C we denote by co(ii) the convex hull of K, we put K + H = {w + z: w E K, z E H}, and, tor zo E K,
Assume X is a compact, Hausdorff space, A is a linear subspace of C(X), and A contains the function constantly equal to one, which we denote by 1. Then:
By II • 11«, we denote the usual sup-norm on A. We call a seminorm || • || on A one-invariant if ||a + 1|| = ||a|| for all a E A. Let p E P and let || • || be a norm on A; then we call it p-norm if there is a one-invariant seminorm ||| -||| on A such that || • || -p{\\ ■ ||oo, ||| ■ |||).
We call || • || a natural norm on A if it is a p-norm for some p E P. By Ä we denote the closure of A in {C(X), \\ ■ ||oo)-By Ch A we denote the set of extreme points F of the unit ball of (A, || • ||oo)* such that P(l) = 1, and we identify Ch A with a subset of X.
For fEA we put a(f) = f(X) and 0(f) = co{f(X)).
We call A a regular subspace of C(X) if for any e > 0, any xo E Ch A, and any open neighborhood U of xo there is an / E A with ||/||oo < 1 + £, f{xo) = 1, and |/(x)| < e for x E X\U.
In the sequel any semisimple, commutative Banach algebra A is identified, via the Gelfand transformations [3] , with a subalgebra of C(ÜJl(A)), with 9Jt(A) being the maximal ideal space of A. It is easy to check that || ■ \\a is a p-norm on A, equivalent to the original one, and if A; is sufficiently large then || • \\a is submultiplicative. PROOF. Fix an xo E ChA. (A,\\ ■ ||oo) is a function algebra with Choquet boundary equal to ChA, so [3] there is a net (/Q)aer C A such that ||/Q|| = 1 = f(xo), and (fa) tends uniformly to zero off any neighbourhood of Xq-Since (A, || • Hoc) is a dense subset of (A, || • ||oo), for any e > 0 there is an fa E A with \\fa -fa\\oo < £, and this completes the proof. For any £> e [0,27r), / G A, t E R+ we have OO) t + cA{f,p)<rA{f,t,ip) < yJ{t + cA{f,tp))2 + \\f\\l and, hence, (1) hm (rA(f,t,tp)-t)=cA(f,tp). PROOF. Assuming the contrary, we obtain that there is a zq E H\K. Since K is convex and compact, there is a line I such that C\/ is a sum of two connected components C+ and C~ with K c C+ and z0 E C~. Let tp0 E [0, 2tt) be such that the vector (cos ipo)sin,Po) is orthogonal to / and has direction from C+ to C_. We have c{K,tpo) < c(C+,tpo) < c({zo},<po) < c(H,<po). For this we put, for any e > 0, Ae = {f E A: p{ä(f)) < e}.
We prove (5) by showing the following statements: PROOF. We define, by induction, a sequence {fk)kx=x C A and a descending sequence of neighbourhoods (i/fc)^, of the point xq:
We set Ux =U and let fx be any function from A such that ||/i||oo < 1 + e/2, /i(x0) = 1, and |/i(x)| < e/2 for all x in X\Ux-Assume we have defined Uk and fk. Then Let n be a positive integer such that X/n < e/6. We define
-/-=£*-»■ n fc=i
We have /(xo) = 1, and |/(x) + 1| < e for x G X\C/. To complete the proof, fix x E X\Ux and denote by fco the greatest positive integer not greater than n such that x G Uko. We obtain /(*)
.fco-1 Hence, we get |Im/(x)| < e and ||/||oo < £• To end the proof of this step, fix e > 0 and assume T is discontinuous. There is an /o G A such that ||/o||oo < £ and ||T/o||oo = 1-Since any function from B achieves its sup-norm on Chi?, we can assume there is a yo G Chß with Tfo(yo) = 1-We put Uo = {y E Y : \Tfo{y) -1| < e). By the lemma there is a g E B such that ¡Iff|| < 1 + e, g(y0) = 1, \g{y) + 1| < e for y E Y\U and |Imff(y)| < e for y G Y.
From (3) we get (6) ä{Tfo)=*{fo)+K(bfo) and 1 -e < A/ < 1;
hence, cb(9 + I7o,7t/2)<V2 + 0(£) and cB(g + Tf0, -tt/2) > 1.6 -0(e), so (7) este + T/o, -tt/2) -cB(g + Tf0, tt/2) > 1.6 -^2 -0(e). By (2) for any f E A the difference between ca{Í,p) and cB(Tf,tp) does not depend on £> so this gives a contradiction between (7) and (8).
Proof of the second step. Fix f E A with ||/||oo = 1-We can assume, as before, that there is an xo G ChA such that /(xo) = 1. Put Un = {x E X: |/(x) -1| < 1/n2}, and let gn E A be such that ||<?n||oo < 1 + X/n2, gn{xo) -L a^d |ff"(x)| < 1/n2 for x G X\Un. We put /" -f + gn/n and get and, hence, by a direct computation, p{à(fn)) < p{à(fn), 1 + 1/n) < p (co (K(l) U {1 + 1/n}) + K(1/n2), 1 + 1/n) = 1/n + 1/n2 < 2/n.
Therefore there is a sequence (/n)£Li in A which tends uniformly to / such that p(â(fn)) -0.
Proof of the third step. For any K C C and any c > 0, we have p(co(Ä")+Ä'(c)) > c and, on the other hand, by (3), if A/ < 0, then â(f) = à(Tf) + K(-Af), so if A/ < 0 then p(o(f)) > -A/, and this proves that A/ > -e for all / G A£.
